A b s t r a c t : Conditions for the stabilizability of time-delay systems with incommensurable point delays by dynamic state feedback are known in the literature. In this paper it is shown that these conditions are satisfied generically.
Introduction
In this paper we consider time-delay systems with (non)-commensurable point delays. After the introduction of k delay operators ~1 , . . . , g k with incommensurable time-delays T I , . . . , T k , acting on the trajectories of the evolution variable x and the input U: A time-delay system (2) is called internally stable, if independent of the given initial conditions, and if no input is applied, the evolution variable x ( t ) tends to zero for t + ca. It is also possible to incorporate an exponential decay rate a in this definition. If a system is not internally stable itself, one may want to achieve this property, by application of dynamic output feedback. Analogous to systems without delays, this stabilizability problem may be split into two dual parts: the problem of stabilization by dynamic state feedback, and the detectability problem. In this paper we confine ourselves to the first problem, and assume (without loss of generality) that C = I and D = 0.
a$+) = x ( t -T i ) , U i U ( t ) = u(t -T i ) , (1)
In the literature, conditions for the solvability of the stabilization problem are known: Theorem 1.1 ([8] , [.] , [3] ) Consider a time-delay system E: I B(e-'lz,. . . , e -' " ) ) , (5) has rank n.
Instead of stabilizability with exponential decay rate CY, we shall often use the terminology a-stabilizability.
For CY = 0, the rank condition on (5) is the well-known condition for stabilizability in the classical sense. It is a generalization of the Hautus test (see e.g. [6] ) to delay systems with point delays. The rank condition on (5) is the central theme of this paper. We show that for all fixed a > 0 this condition is very weak:
it is generically satisfied in the parameter-space of all time-delay systems with point delays of the form (3).
Although we use an algebraic approach to describe the class of all time-delay systems, the concept of genericity is not studied in the algebro-geometric framework using the Zariski topology. For the problem at hand, the relationship between the indeterminates SI, . . . , s k and the exponential functions e-r1z , . . . Y e--7kz plays a dominant role, and this information is difficult to exploit in the algebro-geometric framework. Therefore we take a different, topological approach. In Section 2 we define a natural topology on the space of all time-delay systems. This can be done in two alternative ways: we may define a metric on this space, or may equip it with an inductive limit topology. In this setup, a property is called generic, if it holds on an open and dense subset of the space of all time-delay systems. In Section 3 we prove that the set of all systems that are stabilizable in the classical sense, is an open and dense subset of the metric space of all time-delay systems. So in this topology, stabilizability is a generic property. In Section 4 it is shown that the same results carry over to the inductive limit topology. In this framework it is also possible to extend the results to stabilizability with an a priori given exponential decay rate a. Remark 1.2 In this paper, we confine ourselves to systems with commensurable time-delays. So there is only one delay operator involved in equation (2). This assumption is only made for notational convenience; the results of this paper also hold in the incommensurable delay case, since the same arguments apply in this more general setting.
Two topologies for time-delay
In the Introduction we have seen that a time-delay system (without output equation) is completely characterized by a triple ( A ( s ) 
can be seen as a point in the parameter-space describing all time-delay systems. To equip the parameter-space W with a topology, we first need a topology on the set of polynomial matrices. One possibility is to introduce a norm for polynomial matrices. 
The norm 11 . /Ipm also has a shortcoming. Basically, R[s]pXP consists of sequences of real matrices with finitely many nonzero elements. In Definition 2.1 we imposed a sort of tl-norm on this space. This norm does not distinguish between sequences with a finite and an infinite number of nonzero elements. Therefore it is easy to construct a Cauchy sequence that does not converge. Hence we constructed a normed linear space that is not complete. Moreover, a sequence with infinitely many nonzero elements has no practical meaning, because the number of time-delays in a system is always finite. Fortunately, our results in the next section indicate that this problem never occurs: our construction guarantees that the number of time-delays in a system always remains bounded. Nevertheless, it is also possible to solve this problem in a more fundamental way, by the introduction of an inductive limit topology.
U {0}, and let Vi denote the polynomial matrices of degree 5 e: Ye is a closed subspace of Ve+l with respect to From Proposition 2.6 it follows that with the inductive limit topology, the space Y is complete.
In the sequel we also need the following result on the continuity of linear mappings in the inductive limit topology. For a proof we refer to [l, p. 1231. This problem is solved in Section 4. There we first show that the genericity result obtained in the present section, also holds in the inductive limit topology. In this setting however, the transformation from the closed right half plane to an arbitrary half plane e:, can be carried out easily. This leads to a proof that for any fixed a 2 0, stabilizability with an exponential decay rate a is a generic property. The next two theorems state that in the topology generated by the metric d w , the set of all stabilizable delay systems is an open and dense subset of the parameter-space W . We only give a sketch of the main ideas of the proofs; for details we refer [4]. This half disc is a compact set, so on this half disc, ( z l -AO(e-TOz) I BO(e-70Z)) has an analytic rightinverse, in norm uniformly bounded by a constant I{'.
--
Taking 0 < p < 1 small enough, we find that if C =
( A ( s P ( s ) , r ) satisfies d w ( C , C o ) < p , then for all z E c', IzI 5 R, we have II(zI-A(e-'") I B(e-"))-
( z l -Ao(e-TO") I Bo(e-'O"))ll < k. 
Theorem 3.2 Let
(iii) The time-delay system corresponding to 2 is sta-
Sketch of the proof Let C = ( A ( S ) , B ( S ) , T )
be a non-stabilizable system. We show that any arbitrary small neighborhood of C contains a stabilizable system 5 = Let E > 0, and consider the square matrix ( 2 1 -A(e-'")). Because of Corollary 2.3, all zeros of ( 4 s ) , B(s) , q.
in c+ are contained in the half disc Moreover, it is clear that this half disc only contains finitely many zeros of det(z1 -A(e-'")). If zo is a simple zero of det(z1-A(e-")), one may prove that rank(zo1 -A(e-"O)) = n -1. Now it is possible to construct a matrix A ( s ) in such a way that ( W , dw) ). Since the degree of the polynomial matrices in this sequence is bounded by an a priori known number (recall condition (ii) of Theorem 3.2), it follows from Proposition 2.6 that the same sequence converges to C in the inductive limit topology 7.
In the inductive limit topology, the natural requirement that a time-delay system contains only a finite number of delays, is reflected in the notion of convergence. However, this is not the only advantage of this topology. Also the extension of our genericity result to more general notions of stabilizability is possible in this context. For this purpose we introduce an operator, that enables us to transform different types of stabilizability. 
Genericity results in the inductive limit topology ( W , T )
When the parameter-space W of all time-delay systems is equipped with the inductive limit topology, described in Definition 2.9, the genericity result for stabilizability (in the classical sense) remains valid: So is an open subset of W in the topology generated by the metric dw.
Since the inductive limit topology 7 is stronger (see Lemma 2.5) this implies that SO E 7 : So is an open subset in the inductive limit topology.
To prove denseness, let C = ( A ( s ) , B ( s ) , r ) be a non-stabilizable delay system, and apply Theorem 3.2 Sketch of the proof First note that the operator H, is affine in the first two components, the polynomial matrices A(s) and Bfs). Without the term a1, it would even have been linear. Next recall that 7 is a product topology; also the inductive limit topology is basically defined on the first two components: polynomial matrices of size n x n and n x m, respectively. Therefore Proposition 2.7 is still applicable, and it suffices to show that H , is sequentially continuous. Alternatively, a stronger, inductive limit topology was introduced. In this topology, the genericity of stabilizability in the classical sense remained valid, but it could be extended to the more general notion of astabilizability (stabilizability with a given exponential decay rate a ) . This indicates that stabilizability conditions for time-delay systems are very weak: generically they are satisfied. To prove that S, is dense in W , consider a system C = ( A ( s ) , B ( s ) , 7 ) that is not a-stabilizable.
Then Lemma 4.3 indicates that H,(A(s), B ( s ) , T )
is not stabilizable in the classical sense. Using is stabilizable with exponential decay rate CY. Hence H-,Cj is a sequence of astabilizable delay systems converging to E.
Conclusions
In this paper we have shown that stabilizability by dynamic feedback is a generic property for systems with point delays. To prove this claim, we introduced two different topologies on the parameter-space W of all time-delay systems, describing the concept of genericity in a natural way. The first topology was generated by a metric. In this setting it was possible to show that
